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.- 
I n  tlds paper we s tudy t h e  behavior of c e r t a i n  so lu t ions  of the  quadra t ic  
matr ix  equation 
t A'K + KA - KBB'K -pC'C (1) 
a s  a  function of a  r e a l  va r i ab le  p. Our main r e s u l t  is  a new a p r i o r i  bound 
on the  so lu t ions ,  The methods we use draw f r e e l y  on t h e  v a r i a t i o n a l  i n t e r p r e t a t i o n  
of  the  associa ted  R i c c a t i  equation 
- i = A'K + KA - KBB'K + PC'C 
.as we l l  a s  the  use of transform techniques and an elementary vers ion  of Pa r seva l ' s  
formula. 
1. pre l iminar ies  
Let A, B, and C be r e a l ,  cons tant  matr ices  of dimensions n by n,  n by m 
and q by n respect ive ly .  By a l i n e a r  system we mean a p a i r  of equations 
we a l s o  r e f e r  t o  the  t r i p l e  [A,B,C] a s  a l i n e a r  system with the  understanding 
t h a t  A, B and C a r e  t h e  matrices appearing i n  equation (2).  I f  the  condit ions 
n-1 i )  rank (B, AB, ..., A B) = n 
. and - 
n-1) 
i i )  rank (C ; CA; , . . . ;CA = n 
" A S E  &A$ P 
where l'," i nd ica tes  column p a r t i t i o n  and "; I1  a  row p a r t i t i o n  a r e  s a t i s f i e d ,  we c a l l  
-[A,B.,C] a  minima2 l i n e a r  system. Let I be the  i d e n t i t y  matrix. We def ine  the  
s p e c t r a l  norm of a  l i n e a r  system a s  the  minimum value of r > 0 such t h a t  the  
Hermetian matrix inequa l i ty  
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1r2 - B; ( - I ~ ~ - A ~ ) - ~ C ~ C ( I ~ ~ - A ) - ~ ~ ~  o ; i = G i  (3 )  
. 
ho lds  f o r  a l l  r e a l  w, I f  no such r e x i s t s  t h e  s p e c t r a l  norm is  s a i d  t o  be i n f i n i t e .  
The l i n e a r  system [A,B,C] w L l l  be  considered toge the r  w i th  a  f u n c t i o n a l  
whose minimizat ion i s  t o  be considered.  We t ake  a s  known, t h e  f a c t s  t h a t  under 
t h e , h y p o t h e s i s  t h a t  [A,B,C] is  a minimal l i n e a r  system t h e r e  is ,  
i )  a t  most one s o l u t i o n  such t h a t  A-BB'K has  i ts  e igenvalues  i n  Res < 0 
i i )  min [ u'u + py'ydt e x i s t s  f o r  p 1 0 
u  
m 
i i i )  i f  t he  minimum ex i s t s ,  min u 'u  + py'ydt = X'(O)K~X(O)  
u  
where K is a s o l u t i o n  of equat ion  (1 ) .  1 
Items i i )  and i i i )  a r e  widely known s i n c e  Kalman [ I ] ;  f o r  a proof of i )  see [ 2 ] .  
A few a d d i t i o n a l  pre l iminary  r e s u l t s  w i l l  b e  requi red .  
F t  Lemma 1 : Let  u be given by u ( t )  = H e  g. Let y be g iven  by 
Assume t h a t  t h e  e igenvalues  of A and F l i e  i n  t h e  ha l f -p lane  Re s < 0 .  Then 
where r is t h e  s p e c t r a l  norm of [A,B,C]. 
Proof : Since x (0 )  is  zero  t h e  Laplace t ransform of y i s  9 = ~ 3 .  
.Using -
~ a r s e v a l ' s  r e l a t i o n  and t h e  d e f i n i t i o n  of t h e  s p e c t r a l  norm we have 
Lemma 2 .: I f  [A,B,C] i s  a l i n e a r  system with a finite spectral norm 
2 
t hen  equaeiciri '(1) has no r ea l  s o l u t i o n  unless  p -r . 
Proof : We assume the contrary and look for a contradiction. Let K be.a real 
1 
solution. Manipulation of equation (1) in the style of Yacubovich, ~alman' et al. 
[3 ]  gives 
(-IS-At)K1 + K1(Is-A) + KIBBtK1 - pC'C 
* 
- -  Pre- and post-multiplying by, (-Is-A' )-' end (IS-A)-~ respectively gives 
K, (I~-A)-' + (-I~-A' 1 - l ~ ~  + (+-A' )-'K~BB'K~ (IS-A)-~ = 
P(-~s-~')-l~t~ (I~-A)-' 
Now if we pre and post multiply by B' and B respectively and add I to each side we 
obtain 
where R(s) = ~(1s-A)-'B and Rl(s) = B'K~(IS-A)-~B. Since the left side is non- 
negative for s =iu the right must be also. Hence unless p is greater than 
2 
-r we can have no solution. 
Lemma 3 : The quadratic equation 
A'K + KA - KBB'K = 0 ( 5 )  
has an invertible solution if and only if there exists an invertible solution of the 
ltnear equation 
If the solution of the linear equation is unique and invertible then it is the 
only invertible solution of the quadratic equation. 
Proof : If the quadratic equation has an invertible solution K1 then 
-1 '4 = pre and post multiplication of AtK1+KIA-K1~~t~l by Kil gives A K - ~ + K ~  A EBt, 1 
On the other hand, if Q is an invertible solution of the linear equation then its 
. 
inverse satisfies the quadratic equation. Uniqueness follows by the same rezsoning. 
2. The Case where A has its Eigenvalues in Re s < 0 
Using'these results it is possible to investigate the solutions of the 
quadratic matrik equation 
and to relate them tg the solution of the linear equation 
Our n o t a t i o n  w i l l  be  a s  fo l lows .  By K+(p) w e  mean t h e  (unique) s o l u t i o n  o f  
I 
equat ion  (1) having t h e  p rope r ty  t h a t  t h e  e igenvalues  of  A-BB'K l i e  i n  t h e  h a l f -  
'- p lane  Re s < 0. Likewise we Let K (p) be  t h e  s o l u t i o n  of equa t ion  (1) having t h e  
- 
prope r ty  t h a t  a l l  t h e  e igenvalues  of  A-BB'K l i e  i n  t h e  h a l f  p lane  Re s > 0. 
Lemma 4 : Le t  [A,B,C] be  a  minimal l i n e a r  system wi th  f i n i t e  s p e c t r a l  norm r.  
Assume t h e r e  e x i s t s  s o l u t i o n s  K+ and K descr ibed  above. Then K+(p) - K-(p) i s  - 
-2 p o s i t i v e  d e f i n i t e  f o r  p  > -r and 
[A-BB 'K+(p) ] ' t 
K+(P) - K-(P) BB 1 e d t I-' 
o r  a l t e r n a t i v e l y  
Proof : D i r e c t  manipula t ion  shows t h a t  K+(p)-K (p) s a t i s f i e s  
-
- 
[K+(P)-K - (P) 1 [A-BB'K+(p) 1 + [A-BBtK+(p) I ' [K+(p)-K_(p) I = 
- IK+(p)-K-(p) IBB'  IK+(p)-K-(p) I (7) 
From Lenuna 3 w e  see t h a t  i f  t h e r e  e x i s t s  an  i n v e r t i b l e  s o l u t i o n  [K+(p)-K (p) ]  i t  
- 
must s a t i s f y  equa t ion  (6) and conversely.  However, i t  i s  e a s i l y  seen  t h a t  t h e  g iven  
exp re s s ions  f o r  K+(p)-K (0) are w e l l  de f ined  and i n v e r t i b l e  a s  long a s  A-BBIK(p) has  
- 
i ts  e igenvalues  i n  Re  s < 0 us ing  s t anda rd  r e s u l t s  from c o n t r o l l a b i l i t y  theory  [ 2 ] .  
The fol lowing theorem g ives  a  bound on t h e  s o l u t i o n  of  equa t ion  (1) i n  terms 
of  t h e  s o l u t i o n  of.KA + A'K = -C'C and t h e  s p e c t r a l  norm r. 
Theorem 1 : Let  [A,B,C] be  a minimal l i n e a r  system wi th  s p e c t r a l  norm r .  
-2 
Assume t h a t  t h e  e igenvalues  o f  A l i e  i n  t h e  ha l f -p l ane  R e  s < 0. Then f o r  p  > -r 
t h e r e  e x i s t s  a s o l u t i o n  of wA'K-KBBK = - pC'C which has  t h e  proper ty  t h a t  
A-BBIK+(p) h a s  i t s  e igenvalues  i n  R e  s < 0 and 
. where K1 i s  t h e s o l u t i o n  of AK1 + KIA = -C'C. Moreover, t h e r e  a r e  no o t h e r  
. 
s o l u t i o n s  of  KA + A'K - KBB'K = - pC'C which have t h e  p rope r ty  t h a t  A-BBK has i t s  
e igenvalues  i n  Re s < 0. .. 
Proof : F i r s t  of a l l  observe t h a t  the  upper bound on K+(p) is  obvious from the  
v a r i a t i o n a l  i n t e r p r e t a t i o n  of K+(p) s i n c e  by l e t t i n g  u  be zero we obta in  
We know t h a t  f o r  the  minimal l i n e a r  system (2) we have 
C 
provided A-BBtK+(p) has  its eigenvalues i n  Re s < 0. I f  uo and y  denote the  
0 
optimal con t ro l  and t h e  optimal response then 
Moreover 
r o  
can be expressed using transforms a s  the  sum of an i n i t i a l  condit ion 
term and the  e f f e c t  of u  i . e .  
0 
I n  terms of t h i s  no ta t ion  
Using t h e  preceeding lemma w e  have 
r 2  [ ' y; ( t )y2( t )d t  t 
Also, from the  known re la t ionsh ip  between KA + A'K = -C'C and quadra t ic  i n t e g r a l s  
w e  have 
2  Denote t h i s  l a s t  quant i ty  by p and l e t  v2 be defined by 
Combining these r e s u l t s  we have 
Now use t h e  Schwartz inequa l i ty  
e 
t o  ob ta in  
Considering t h i s  a s  a function of V, i t  has a minimum a t  v=p 1 p 1 / (p+rm2) and the  
2 2 
minimum value is pp ( l+pr ). Therefore i t  is c l e a r  t h a t  f o r  p > -r2 the  in-  
e q u a l i t i e s  
hold. . The matrix inequa l i ty  follows immediately. 
To study exis tance  w e  observe t h a t  a s o l u t i o n  e x i s t s  f o r  p > 0 and by d i f fe ren-  
t i a t i o n  
This  d i f f e r e n t i a l  equation can be in teg ra ted  i n  the  d i r e c t i o n  of decreasing p 
u n t i l  A-BB'K+(P) has an eigenvalue with a zero r e a l  p a r t .  I n  view of inequa l i ty  
2 '  (81, a s o l u t i o n  K+(p) w i l l  t he re fo re  e x i s t  f o r  p > -r . To show t h a t  i t  a l s o  
2 
e x i s t s  f o r  p 3 r . Note t h a t  K+(p) is monotone decreasing f o r  p decreasing.  By 
2 l e m m a  4 K+(p) is bounded from below f o r  p > -r hence 
2 
e x i s t s  and by cont inui ty  K s a t i s f i e s  equation (1) with p = r . 
Notice t h a t  the  s p e c t r a l  norm of [-A,B,C] i s  the same a s  t h a t  of [ ' A , B , c ]  and 
hence t h a t  t h e r e  a l s o  e x i s t s  a s o l u t i o n  of 
which puts  the  eigenvalues.of -A-BB'K i n  R e  s < 0, The negative of t h i s  s o l u t i o n  
is K-(p); 
3. The Case where t h e  S p e c t r a l  Norm i s  Finite 
We now extend the  r e s u l t s  of t he  previous s e c t i o n  t o  a  wider  c l a s s  of systems. 
The main r e s u l t ,  Theorem 2 ,  i nc ludes  Theorem 1 a s  a  s p e c i a 1 , c a s e  b u t  t he  proof  makes 
a f u l l  ca se  s f  Theorem 1. 
We need the  fol lowing lemma t o  reduce the  gene ra l  case  t o  Theorem 1. 
Lemma 5 : I f  KO = K t  is any s o l u t i o n  of 
0 
K A + A'K - K ~ B B ' K  = o 
0 0 0 
And i f  K(p) is any s o l u t i o n  of 
then  
[ ~ ( p )  : - K ~ ]  [A-BBtKo] + [ A - B B ' K ~ ]  ' [K(p)-K o ] 
Proof : The proof is j u s t  a  m a t t e r  of  expanding and us ing  t h e  d e f i n i t i o n s .  
The d e t a i l s  a r e  omitted. 
A s  w e  have seen ,  equat ion  (5 ) can have a t  most one i n v e r t i b l e  s o l u t i o n  
b u t  i t  can have numerous non- inver t ib le  ones. I n  p a r t i c u l a r  0  i s  always a  
s o l u t i o n  a s  a r e  K+(O) and K - (0) .  However, t he  p a r t i c u l a r  s o l u t i o n  Kmk(0) s a t i s f i e s  
K+(O) [A-BBt K+(O) ]  + [A-BB 'K+(O) ]  'K+(O) - K+(O) BBK+(O) 
Since  A - B B ' ~ + ( ~ )  has  i t s  e igenvalues  i n  Re  s < 0 f o r  p > 0 i t  w i l l  fol low t h a t  
i t s  eigenvalues l i e  i n  R e  s < 0 f o r  p = O un le s s  t h e  s p e c t r a l  norm of 
[A-BBtK+(0),B,C] is  i n f i n i t e .  Th i s  makes the fol lowing lemma of i n t e r e s t .  
Lemma 6 : I f  KO = K' is a s o l u t i o n  of 
0 
i 
such t h a t  A-BBIKo has i ts  e igenvalues  i n  t h e  ha l f -p lane  Re s < 0 then the  I , 
s p e c t r a l  norms of [A,B,C] and [A-BB'K~,B,C] a r e  t h e  same. 
P roo f - :  From lemma 5 see t h a t  i f  KO s a t i s f i e s  the  hypothes is  then 
 
has a  s o l u t i o n  i f  and only i f  t h e r e  e x i s t s  a s o l u t i o n  of ! 
Combining Lemma 4 and Theorem 1 w e  s e e  t h a t  t h i s  equat ion  h a s  a s o l u t i o n  i f  and only 
i f  p 2 -r2 wheke r i s  the  s p e c t r a l  norm of [A,B,C]. Since t h e  same is  t r u e  f o r  
2  
- equat ion  (11) t h e  s p e c t r a l  norm of [A-BB 'K~  ,B,c]  must a l s o  b e  r . 
P u t t i n g  t h e s e  lemmas toge the r  wi th  Theorem 1 g ives  t he  fol lowing g e n e r a l i z a t i o n  
of Theorem 1. 
Theorem 2 : L e t  [A,B,C] b e  a  minimal l i n e a r  system wi th  s p e c t r a l  norm r. 
Then f o r  P > F , ~  t h e r e  e x i s t s  a  s o l u t i o n  of equat ion  (1) and 
where K1 i s  the  s o l u t i o n  of [A-BB'K+(O)]'K~+K~[A-BBtK+(0)] = -CC. Moreover, t h e r e  
, a r e  no o t h e r  s o l u t i o n s  of KA + A'K - KBB'K = -pC'C which have t h e  proper ty  t h a t  
A-BB'K has  i ts  eigenvalues i n  Re s < 0. 
4. Addi t iona l  Comments 
The r e s u l t s  g iven  he re  g ive  t h e  fo l lowing  ( s t i l l  incomplete) p i c t u r e  of t h e  
s o l u t i o n s  of equat ion  (1) under t h e  hypothes is  t h a t  A has  no e i g e n v a l u e  wi th  zero  
r e a l  p a r t .  
i) There e x i s t  r e a l  s o l u t i o n s  i f  and only i f  p 3 r-2 
i i )  For p > r2 t h e r e  is e x a c t l y  one s o l u t i o n  such t h a t  A-BB'K has  i t s  e igenvalues  
i n  Re s < 0 and e x a c t l y  one s o l u t i o n  such t h a t  A-BB'K i t s  e igenvalues  i n  
F igure  1 sugges t s  t h e  main q u a l i t a t i v e  f e a t u r e s  and i l l u s t r a t e s  the  bounds. Of 
course  s i m i l a r  bounds hold f o r  K ( p ) ,  
- 
-We no te  t h a t  ou r  r e s u l t s  provide a new proof of  c e r t a i n  ' important  theorems on 
t h e  absence of conjugate  p o i n t s  [ S ] .  Moreover, our  proof does not  use  any r e s u l t s  . 
on s p e c t r a l  f a c t o r i z a t i o n  of r a t i o n a l  mat r ices .  
Addi t iona l  ref inements  of ' t h e s e  i d e a s  can be found i n  ~ ' a n a ~ e s '  t h e s i s  [ 4 ] .  
Figure 1 : A sugges t ive  p i c t u r e  of t h e  gene ra l  behavior  of K+(p) and K ( p ) .  
- 
I f  K i s  one dimensional then  K+(p) and K (p) j o i n  a t  p =-r2. * 
- 
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